A necessary and sufficient condition is given on the basis of a rare maximal function
For a locally integrable function f : R → R, the Hardy-Littlewood maximal function M HL f is defined by
where the supremum is taken over all bounded intervals I containing x. In 1969, E. M. Stein proved in [2] that if f is supported on the unit interval
The proof of this result is based on classical weak-type inequalities for M HL , which in turn strongly depend on the covering properties associated to the set of intervals in R.
In [1] , K. Hare and A. Stokolos investigated whether or not Stein's result still holds when the Hardy-Littlewood maximal operator is replaced by a rare maximal operator, an operator similar to M HL but where the supremum is taken only over a given subset of the set of intervals on R. For the sake of specificity, we here define a rare maximal operator M l as follows:
In [1] , Hare and Stokolos showed that there exists a sequence l and a locally integrable function f supported on
and l = {2 −m k }, then there necessarily exists a locally integrable function
In this paper we indicate the negative answer to the above question, as well as provide a necessary and sufficient condition on 
(
ii) Suppose there exists a positive integer m such that any set A k,m necessarily contains an element of the sequence {m
Before we begin the proof, we remark that part (i) of the theorem provides a negative answer to the question of Hare and Stokolos, given the existence of increasing sequences of positive integers {m k } that satisfy the condition in (i) but also such that sup k∈N m k /k < ∞.
Let m ∈ N. There exists k ∈ N such that none of the m j lie in A k,m . Let E m be the subset of I defined by 
